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The cryogenic dark matter search employs Ge and Si detectors to search for weakly interacting
massive particle dark matter via its elastic-scattering interactions with nuclei while discriminating
against interactions of background particles. These detectors distinguish nuclear recoils from
electron recoils by simultaneously measuring phonon and ionization production in semiconducting
substrates at sub-kelvin temperatures. They also reconstruct event position by quadrant-segmented
measurement of the phonon signal. The ionization drift field does work on the electrons and holes.
The charge carriers radiate this energy as acoustic phonons. At the typical applied field of 300 V/m
in Ge 400 V/m in Si, we self-consistently model the behavior of the electrons and holes using
independent drifted Maxwellian distributions, each characterized by an average drift velocity and an
effective temperature, and including acoustic phonon emission. We calculate the phonon power
angular and frequency distributions. We find that the bias polarity affects these distributions and,
therefore, the phonon collection efficiency in Ge. © 2010 American Institute of Physics.
doi:10.1063/1.3354095
I. INTRODUCTION
Weakly interacting massive particles WIMPs are a
well-motivated candidate for the dark matter in the universe
see, for e.g., Refs. 1–5. The cryogenic dark matter search
CDMS employs Ge and Si detectors to search for WIMPs
via their elastic-scattering interactions with nuclei while dis-
criminating against interactions of background particles.6–8
The CDMS detectors9,10 are disks of semiconducting Ge or
Si, 7.6 cm in diameter and 1 cm thick, cooled to 40 mK.
Ionizing radiation produces electrons and holes together with
primary phonons. The charge carriers are drifted using an
electric field, typically 300 V/m in Ge 400 V/m in Si, and
collected at two concentric electrodes on the flat face at
which the bias potential is applied. Acoustic phonons, which
are called Neganov–Luke phonons in this paper after the
author names in Refs. 11 and 12, are produced during drift,
and recombination phonons are emitted when the carriers
reach the electrodes. Before these various types of phonons
thermalize, they are absorbed in superconducting aluminum
films on the detector surface and the resulting quasiparticles
sensed by tungsten transition-edge sensors at the edges of
these films. Each quadrant of the other grounded flat face is
covered by such a thin-film circuit. The phonon signal, cor-
rected for Neganov–Luke phonon emission, measures the re-
coil energy of each event. The relative delay of the phonon
signal at the four phonon sensors and its partition among
them provide a transverse position estimate. The ratio of ion-
ization production to recoil energy ionization yield dis-
criminates nuclear recoils from electron recoils with a rejec-
tion of better than 104. Electron recoils within 10 m of
the surface suffer suppressed ionization yield, sufficient to
misclassify such events as nuclear recoils. Such events also
have shorter phonon rise time and delay relative to the
prompt ionization pulse, allowing us to reject more than 99%
of such surface events.
Phonons produced in CDMS detectors fall into three cat-
egories: primary phonons, recombination phonons, and
Neganov–Luke phonons. We consider each of these in turn,
focusing on the effective size of the emission region and the
emitted angular distribution.
Primary phonons are those created directly by the recoil-
ing particle or by hot charge carriers as they thermalize. Pri-
mary phonons are very energetic and thus suffer substantial
isotopic scattering that prevents them from propagating
rate4.13,14 They must first downconvert via anharmonic
decay rate513 from the optical branch to the acoustic
branch. Acoustic phonons have a mean free path larger than
the detector thickness and are thus able to propagage quasi-
ballistically. The timescale for the decay process to 1 THz
acoustic phonons is a few microseconds, during which time
they diffuse over a distance of about 1 mm.15 Because of
Umklapp processes,16 no information about incident particle
direction is preserved and thus the primary phonons may be
treated as an isotropically emitting pointlike source.
Recombination phonons are generated when electrons
and holes recombine in the electrodes, releasing the semicon-
ductor gap energy. Because of the short carrier drift time
across the detector 1 s, the carriers do not suffer sub-
stantial transverse diffusion and thus recombination phonons
are emitted from approximately pointlike sources on each
face. Additionally, the high impurity and defect densities at
the surfaces randomize phonon emission direction.
As electrons and holes drift across the detector, they
quickly accelerate to a constant velocity at which the work
done on them by the externally applied electric field is bal-
anced by emission of so-called Neganov–Luke phonons. In
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Sec. III, we adopt a drifted Maxwellian distribution for the
carriers with an effective temperature and average drift ve-
locity calculated self-consistently by requiring the emitted
energy be equal to the work done by the electric field. In Sec.
IV, we then calculate the angular and frequency distributions
of the emitted phonons at typical CDMS detector operating
fields.
Because primary and recombination phonons are emitted
isotropically and in a fashion that is independent of applied
field magnitude or polarity assuming the field is large
enough to drift all carriers without trapping, this analysis
focuses on the angular and frequency distributions of
Neganov–Luke phonons and their impact on phonon collec-
tion efficiency in CDMS detectors as a function of field po-
larity.
II. ELECTRON DEFORMATION POTENTIAL
INTERACTION
Near the band edges in semiconductors with parabolic
band structures, the electron hole velocity v and wave vec-
tor k are related by
mv = k , 1
and the electron hole energy  and wave vector k are re-
lated by
 =
2k2
2m
, 2
where m is the electron hole effective mass. For Si and Ge,
these equations are reasonable approximations for electrons
holes with energies near the bottom of the conduction band
top of the valence band.17
A carrier of wave vector k may suffer electron-phonon
scattering via the deformation potential interaction, causing
it to emit a phonon with wave vector q . Momentum conser-
vation yields
k = k + q , 3
where k is the electron wave vector after phonon emission.
Energy conservation implies
2k2
2m
=
2k2
2m
+ h , 4
where  is the phonon frequency.
In calculating the angular distribution of emitted
phonons, we work in a coordinate system in which the z-axis
is the mean carrier drift direction parallel or antiparallel to
the applied field. We use a spherical coordinate system in
which the polar and azimuthal angles of the carrier wave
vector are  and  and of the emitted phonon are 	 and 
.
The angle between the carrier and phonon wave vectors is .
See Fig. 1. Because of the low carrier velocity calculated
below, Neganov–Luke phonons have frequencies less than 1
THz and thus may be assumed to be low on the acoustic
branch and thus have a linear dispersion relation:
 =
sq
2
, 5
where s is the sound speed and q is the magnitude of the
phonon wave vector.
From energy conservation Eq. 4, momentum conser-
vation Eq. 3, and the phonon dispersion relation Eq. 5,
an emitted phonon satisfies18
q = 2k cos  − ks , 6
where ks=ms / is a characteristic wave vector. Equation 6
implies that the carrier velocity must be greater than the
sound speed in order for Neganov–Luke phonons to be emit-
ted. Additionally,  /2 is required, implying that
Neganov–Luke phonons are only emitted in the forward
hemisphere relative to the electron wave vector. Note that the
electron wave vector may deviate from the mean drift axis,
so 	 /2 is not required. A similar relation holds for pho-
non absorption, though we will find it unnecessary and so do
not derive it.
The rate at which a carrier of energy  emits absorbs a
phonon of wave vector q per phonon wave vector mode is
given by Fermi’s Golden Rule + for emission,  for absorp-
tion
q ;k =
2

k q Hk2
  h −  , 7
where H is the deformation potential Hamiltonian, 
=2k2 /2m is the carrier kinetic energy before emission, and
= 2kq2 /2m is the carrier kinetic energy after emis-
sion absorption. The matrix elements are18
k − q Hk2 =
E1
2
2Vs
qnq + 1 , 8
k + q Hk2 =
E1
2
2Vs
qnq, 9
where E1 is the deformation potential,  is the mass density,
V is the semiconductor volume, and
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FIG. 1. Color online Diagram of electron and phonon wave vectors.
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nq =
1
eh/kBT − 1
10
is the thermal phonon distribution function in the semicon-
ductor. kB is Boltzmann constant. At the 40 mK operating
temperature, the thermal phonon density at the frequencies of
interest to us is negligible. Additionally, because the carriers
drift more quickly than primary phonons propagate, the pri-
mary phonons generated at the particle interaction site are
well behind the drifting carriers. Therefore, we take nq	0,
thereby neglecting stimulated phonon emission and phonon
absorption.
With the above approximations, and using Eqs. 4, 3,
and 5 to rewrite the energy conservation 
 function, the rate
of phonon emission is
q ;k =

2k
E1
2m
Vs

cos  − cos 0 , 11
with
cos 0 =
q
k
, 12
and
q =
q
2
1 + 2ksq  . 13
III. CARRIER DISTRIBUTIONS
We have the probability for a single drifting electron in
emitting a phonon but we still need to determine the electron
distribution in k-space to calculate Neganov–Luke phonon
distributions in frequency and in angle. The energy and moe-
mentum acquired by drifting carriers from the applied elec-
tric field is balanced by energy loss and momentum loss via
the phonon emission calculated above, integrated over all
emitted phonon wave vectors and all carrier energies. In this
section, we use this overall conservations of energy and mo-
mentum requirements to determine the carrier distribution.
The theory of the carrier momentum distribution in an
external electric field has been explored by Thornber and
Feynman19 and by Peeters and Devreese.20 The drifting car-
riers are not in thermal equilibrium with the semiconductor.
But statistically speaking, the carriers are in a quasi-steady
state with an average momentum kd=mvd. When the drift-
ing carrier density is low, the momentum-space distribution
can be accurately described by a drifted Maxwellian
distribution,17,21
fk ;kd,Tc = 
 h22mkBTc
3/2
exp
− 2k − kd2
2mkBTc
 , 14
where kd is the carrier wave vector corresponding to drift
with mean velocity vd and Tc is the carrier effective tempera-
ture. This distribution is centered at the average carrier mo-
mentum and has a width determined by the carrier effective
temperature. Su et al.22 demonstrated from first principles the
validity of an effective carrier temperature and derived a
nonlinear relation between the carrier drift velocity and the
applied electric field. Therefore, we take the drifted Max-
wellian as a valid approximation.
The mobilities of the charge carriers in Si or Ge Ref.
23 indicate that the carrier mean free path is a few microme-
ter in the electric field of 300 V/m in Ge 400 V/m in Si that
we consider. The average carrier velocity in Table I is con-
sistent with this. Therefore, the charge carrier interaction rate
is high enough to ensure many interactions during drift
across the detector. It is thus valid to assume randomization
of the carrier wave vectors transverse to the drift direction
for an ensemble of charge carriers created by a particle in-
teraction. We could calculate the characteristic transverse ex-
tent of the electron distribution due to deformation potential
phonon emission, but that is beyond the scope of this paper.
For our purposes, we assume the transverse diffusion of the
carriers remains small compared to the detector thickness so
the transverse size of the distribution can be neglected.
With the drifted Maxwellian distribution in hand, let us
relate the mean drift momentum and energy to the param-
eters of the distribution kd and Tc. For a carrier density n0 in
a volume V, the total number of carriers is N=n0V. The
carrier phase-space density is then nk ;kd ,Tc
=n0fk ;kd ,Tc. We take the z-axis to be along kd. One can
check that, for the drifted Maxwellian distribution, the mean
z-axis projection of the carrier wave vector is indeed kd:
TABLE I. Ge and Si materials parameters and calculated distribution parameters. The electron and hole effec-
tive conduction mass m, the deformation potential E1, the sound speed s, and the mass density  are from Ref.
18. vd, Tc and vz−vd21/2 are calculated in this paper at 300 V/m for Ge and 400 V/m for Si. vz
−vd21/2=kBTc /m is the standard deviation of the Gaussian thermal distribution corresponding to Tc.
Parameters
Ge Si
Electron Hole Electron Hole
m fraction of me 0.12 0.38 0.26 0.50
E1eV 33.0 4.73 12.8 7.85
skm /s 5.40 5.40 9.15 9.15
g /cm3 5.32 5.32 2.33 2.33
vdkm /s 19.8 17.4 20.6 16.4
TcK 15.5 28.5 12.1 8.1
vz−vd21/2km /s 44.3 33.4 26.6 15.5
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kd =
V
N
2
230

k2dk
0

sin dnk ;kd,Tck cos  ,
15
where an integral over carrier wave vector azimuthal angle 
has been done. Note that the factor of V /N cancels the n0 in
nk ;kd ,Tc: the mean momentum depends only on the shape
of the distribution function.
The average carrier energy is also obtained by integrat-
ing over the drifted Maxwellian distribution:
¯ =
V
N
2
230

k2dk
0

sin dnk ;kd,Tc
2k2
2m
. 16
We obtain
¯ =
3
2
kBTc +
2kd
2
2m
. 17
Again, the factor of V /N cancels the n0 in the phase-space
distribution function so that the mean energy depends only
on the shape of the distribution function.
We may now integrate the phonon emission rate over the
drifted Maxwellian distribution. The emission rate in a given
phonon mode with a wave vector q defined by polar angle 	
and azimuthal angle 
, integrated over the carrier phase
space distribution i.e., over real space volume and wave
vector space volume is
q ;kd,Tc
=
n0V
23k0

k2dk
0

sin d
0
2
dq ;kfk ;kd,Tc ,
18
where k0= q /2+ks is the smallest carrier wave vector ca-
pable of emitting phonons. The result is of course parametri-
cally dependent on kd and Tc. We have dropped the vector
nature of kd by taking the phonon wave vector to be in a
coordinate system whose z-axis is the mean drift direction,
kd.
We can perform this integral by changing coordinate
systems. Let us take the emitted phonon direction to be along
the new z-axis. The carrier thus has polar angle  as defined
earlier. Let the carrier’s new azimuthal angle be . The inte-
gral thus becomes
q ;kd,Tc =
N
23
 h
2
2mkBTc
3/2
k0

k2dk
−1
1
d cos 

0
2
dq ;kexp
− 2kd2 + 2k2 − 22kkd cos 2mkBTc  , 19
where cos =cos 	 cos −sin 	 sin  cos  is obtained by
spherical angle addition.
Since the carriers are assumed to have a steady state
momentum distribution, the force exerted by the drift field
on the ensemble of carriers must be equal to the rate of z-axis
momentum emission in phonons:
NeE =
V
23
2
0

q2dq
−1
1
d cos 	q ;kd,Tcq cos 	 ,
20
where E is the magnitude of the external electric field E . We
have assumed that, once one integrates over carrier wave
vectors, the integrand can no longer depend on the phonon
azimuthal angle 
 relative to the mean drift direction, and so
we have integrated over it. Also, recall that q ;kd ,Tc con-
tains a factor N that cancels the N on the left side Eq. 19
and a factor of q ;k which contains a factor of 1 /V Eq.
11 that cancels the V prefactor.
Similarly, the rate of work done on the carrier distribu-
tion by the external field must equal the rate of energy loss
by phonon emission:
NeEvd =
V
23
2
0

q2dq
−1
1
d cos 	q ;kd,Tch ,
21
where we have used the linear dispersion relation h=sq.
The same notes about 
 and the N and V factors apply.
We thus have two nonlinear equations that can be solved
for vd and Tc. Recall, kd=mvd. In practice, we obtain this
solution by calculating, for candidate vd and Tc, electric field
magnitudes Em from Eq. 20 and Ee from Eq. 21, and then
minimizing 	2= 1−Em /E2+ 1−Ee /E2 with respect to vd
and Tc. An input value of E is required; otherwise, E would
be a free parameter also. We consider the minimization to
have converged when 	210−6. Table I summarizes the
semiconductor materials parameters we have used, the result-
ing vd and Tc for electrons and holes, and the standard de-
viation of the z component of the drift velocity at typical bias
fields for the CDMS detectors 300 V/m for Ge, 400 V/m for
Si.
Both vd and Tc depend on materials parameters such as
effective mass m, deformation potential E1, sound speed s,
and semiconductor mass density , as well as on the applied
electric field strength E. Figures 2 and 3 show the electron
and hole effective temperatures and drift velocities as a func-
tion of the external electric field. We make power law Tc
=b1Ea1 +c1 , vd=b2Ea2 +c2 fits to the relations and list the fit
parameters in Table II.
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FIG. 2. The electron hole effective temperature as a function of electric
field strength. Circles: electrons. Squares: holes. Black: Ge 300 V/m. Gray:
Si 400 V/m. The lines are power law fits.
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We note that, because thermal phonons are not included
in this calculation, our predictions may become increasingly
incorrect at low electric field strength.
IV. NEGANOV–LUKE PHONON DISTRIBUTIONS
With the distribution function q ;kd ,Tc of the emitted
Neganov–Luke phonons, we can calculate the angular and
frequency distributions of Neganov–Luke phonon power and
total emitted power within our drifted Maxwellian approxi-
mation. We will consider various integrals of PEq ;kd ,Tc
=q ;kd ,Tch /N, which is the power emitted in the phonon
wave vector mode q by a drifted Maxwellian distribution
parameterized by kd and Tc, per carrier.
The Neganov–Luke phonon power angular distribution
function per carrier is defined to be PE	 recall 	 is the
polar angle with respect to the drift direction as indicated in
Fig. 1 and is obtained by integrating PEq ;kd ,Tc over pho-
non wave vector azimuthal angle and magnitude:
PE	 =
1
N
V
23
2
0

q2dqq ;kd,Tch
=
s
N
V
220

q3dqq ;kd,Tc , 22
where we have used h=sq. It has units of power per unit
polar angle d	. Note that the V /N factor is canceled by a
factor of N in the definition of q ;kd ,Tc Eq. 19 and by
a factor of 1 /V in the definition of q ;k Eq. 11, which
is a factor in q ;kd ,Tc Eq. 19, again.
The Neganov–Luke phonon power emitted per carrier
and per unit phonon frequency interval as a function of pho-
non frequency is obtained by integrating PEq ;kd ,Tc over
phonon solid angle, including a q2 factor from the phonon
wave vector magnitude differential:
PE =
2
s
1
N
V
23
2
0

sin 	d	q2q ;kd,Tch
=

N
V
20

sin 	d	q3q ;kd,Tc , 23
where we have inserted a factor of 2 /s to convert from per
wave vector interval dq to per frequency interval d and we
have again used h=sq. It has units of power per unit pho-
non frequency interval. The V /N factor is canceled in similar
fashion.
The total Neganov–Luke phonon power emitted per car-
rier is obtained by integrating PEq ;kd ,Tc over phonon
wave vector in all three dimensions:
PE =
1
N
V
23
2
0

q2dq
0

sin 	d	q ;kd,Tch
=
s
N
V
220

q3dq
0

sin 	d	q ;kd,Tc , 24
where, again, V /N is canceled in similar fashion.
Figures 4 and 5 show the Neganov–Luke phonon power
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FIG. 3. The electron hole average drift velocity as a function of electric
field strength. Circles: electrons. Squares: holes. Black: Ge 300 V/m. Gray:
Si 400 V/m. The lines are power law fits.
TABLE II. Parameters of power law fits to carrier effective temperature and
average drift velocity as a function of applied electric field.
Parameters
Ge Si
Electron Hole Electron Hole
a1 0.7450 0.7470 0.6800 0.6300
b1 0.2226 0.4001 0.2047 0.1860
c1 0.0500 0.2300 0.1240 0.0500
a2 0.2620 0.2670 0.3020 0.3150
b2 3216 2594 1793 1010
c2 5400 5400 9500 9500
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FIG. 4. The Neganov–Luke phonon power angular distribution function.
Solid lines: electrons. Dashed lines: holes. Black: Ge 300 V/m. Gray: Si
400 V/m.
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FIG. 5. The cumulative integral of the Neganov–Luke phonon power angu-
lar distribution. Solid lines: electrons. Dashed lines: holes. Black: Ge 300
V/m. Gray: Si 400 V/m.
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angular distribution function PE	 and its cumulative inte-
gral 0
	PE	sin	d	 for Ge at 300 V/m and for Si at 400
V/m. The z direction is defined to be the electron drift direc-
tion. Holes drift to −z. PE	 /2 / PE	 /2 is approxi-
mately 2.4 4.8 for electrons in Ge Si, while PE	
 /2 / PE	 /2 is approximately 2.7 9.0 for holes in
Ge Si. The Neganov–Luke phonons are thus more asym-
metrically distributed in Si than in Ge, favoring the carrier
drift direction. This occurs because the carrier effective tem-
perature is smaller in Si than in Ge, as indicated in Table I.
Figures 6 and 7 show the emitted Neganov–Luke pho-
non power frequency distribution and its cumulative integral
0
PEd for Ge at 300 V/m and for Si at 400 V/m. The
Neganov–Luke phonon power peaks at 0.14 THz 0.33 THz
for electrons holes in Ge and at 0.31 THz 0.34 THz for
electrons holes in Si. Of relevance to the operation of
CDMS detectors is the fraction of Neganov–Luke phonons
above 0.084 THz 0.34 meV, the energy required to break
Cooper pairs in superconducting aluminum, 2Al. These
fractions are 91.5% 99.7% for electrons holes in Ge and
99.7% 99.9% for electrons holes in Si.
We emphasize that our numerical results are calculated
in the context of our model, which considers only acoustic
phonons in a homogeneous medium. Numerical results may
change in a more sophisticated model, though we expect that
our qualitative conclusions will continue to hold.
We have observed that, in Ge, the Neganov–Luke pho-
non distribution emitted from electrons is lower in frequency
than from holes, and that Neganov–Luke phonons are emit-
ted primarily in the forward hemisphere of carrier drift. In
the absence of frequency down-conversion, these facts have
no implications for Neganov–Luke phonon collection be-
cause all phonons eventually reach the superconducting alu-
minum phonon absorbers on the grounded detector face.
However, when Neganov–Luke phonon frequency down-
conversion, which is due to diffusive reflection24–28 at the
surface as well as due to anharmonic decay and isotope im-
purity scattering29,30 in the bulk, is considered, the path and
path length to reach the phonon sensors become important.
In particular, since there is an appreciable difference in the
phonon power distribution as a function of frequency be-
tween electrons and holes in Ge, with electrons emitting
phonons weighted toward lower frequencies than holes,
phonons emitted by electrons are more susceptible to down-
conversion to energies below the aluminum pair-breaking en-
ergy. Thus, we expect that the collectable fraction of phonon
power emitted by electrons will be greater when they drift
toward the phonon sensors, while the collectable fraction of
phonon power emitted by holes will be much less dependent
on drift direction. Therefore, when a negative bias is applied,
causing electrons to drift toward the phonon sensor, a larger
fraction of Neganov–Luke phonon energy should be col-
lected. By comparison, there should be no such effect in Si
because the phonon power distributions as a function of fre-
quency for electrons and holes are much more similar.
To summarize, we have analyzed the physics of
Neganov–Luke phonon emission from the drifting charge
carriers in an external electric field applied to semiconduct-
ing substrates at sub-kelvin temperatures. In the drifted Max-
wellian approximation, we have calculated the average car-
rier drift velocities, the effective temperatures, and the
angular and frequency distributions of emitted Neganov–
Luke phonon power for typical electric fields. Such phonons
are more forward-directed in Si than in Ge. Most of the
Neganov–Luke phonon power is collectable by the supercon-
ducting aluminum phonon absorbers employed in the CDMS
detectors. However, a dependence of the efficiency collecting
these phonons in Ge on the bias polarity is expected. For
holes in Ge, more advanced Monte Carlo analyses show that
optical phonon emission is important and should be included
in more accurate calculations.31
The Neganov–Luke phonon power distributions are criti-
cal for an understanding and improving event position recon-
struction in the CDMS detectors. Future work can use these
distributions, combined with phonon propagation, decay, and
reflection, to model the position dependence of the phonon
signal in CDMS detectors.
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